Einstein's equations in matter are gravitational analogues of Maxwell's equations in matter, providing an effective classical description of gravitational fields. We derive Einstein's equations in matter for relativistic fluids, and use them to illustrate how the TolmanOppenheimer-Volkoff equations are modified by the matter's response to curvature. For a gas of massive fermions, we evaluate how the effective Newton's constant and other susceptibilities depend on the temperature and density.
I. INTRODUCTION
Matter affects the dynamics of both electromagnetic and gravitational fields. For electromagnetism, the effective classical description in many materials is provided by the so-called Maxwell's equations in matter [1] . In the effective description, the microscopic Maxwell's equations ∇ ν F µν = J µ are replaced by ∇ ν H µν = J µ free , where the tensor H µν differs from F µν by substituting the electric field E → D, and the magnetic field B → H. The current J µ free is the current of "free" charges, and the vectors D, H are to be expressed in terms of E, B through the so-called constitutive relations that are specific to a given material. The constitutive relations reflect the existence of both electric and magnetic polarization. As a simple example, consider the Maxwell action in flat space, S eff = − 1 4 d 4 x F µν F µν , or in terms of the electric and magnetic fields
In the presence of matter, boost invariance is broken by the matter rest frame, and a more general action is allowed by rotation invariance:
The coefficients ε e (electric permittivity) and µ m (magnetic permeability) can in principle be calculated from the fundamental microscopic theory. The action gives rise to the constitutive relations D = ε e E and B = µ m H (see e.g. [2] for a covariant discussion). This leads to the refractive index √ ε e µ m for electromagnetic waves propagating through matter.
One can ask similar questions about gravity. While the naive notions of electric and magnetic polarizations do not have a gravitational analogue, one can ask about the effective description of gravitational fields in matter. Just like in electromagnetism the definition of the macroscopic tensor H µν boils down to the structure of the macroscopic current J µ , one can ask about the structure of the macroscopic energy-momentum tensor T µν in the Einstein's equations G µν = κ 2 T µν , where G µν is the Einstein tensor, and κ 2 ≡ 8πG, with G the Newton's constant. As an example, consider the following effective action for equilibrium gravity-matter configurations,
where R is the Ricci scalar, and p(T ) is the pressure as a function of temperature, given by the equation of state. As we will show shortly, this action gives rise to Einstein's equations sourced by the perfect fluid energy-momentum tensor,
is the energy density, derived from the pressure by the standard Euler relation of thermodynamics.
However, in curved space, there is more to thermodynamics than just the equation of state. The perfect fluid model of matter ignores the fact that the energy-momentum tensor of macroscopic matter in general depends on curvature, which is true even for an ideal (quantum) gas of spinless particles. As an example, note that the action (3) is only an effective macroscopic action, and the coefficient in front of R is not required to be constant due to the presence of matter. More generally, one can have
where f (T ) plays the role of a gravitational susceptibility. Just like the pressure p(T ), the susceptibility coefficient f (T ) can in principle be evaluated from the fundamental microscopic theory, and will depend on temperature. The vacuum contributions to p(T ) and f (T ) have to be matched to the cosmological constant and the Newton's constant respectively, p(T ) = −2Λ + p matter (T ),
As the temperature T depends on the metric, 1 the Einstein's equations obtained by varying (4) with respect to the metric will be sourced by the energy-momentum tensor which is not of the perfect fluid form, due to f matter (T ).
In what follows, we will make the above intuition precise. Focusing on the simplest form of relativistic matter which is locally rotation-invariant (that is, a fluid), we will derive the Einstein equations which govern the effective gravitational fields. Among other things, we will explicitly evaluate f matter (T ) for an ideal gas of massive fermions at non-zero temperature and density. We will then consider an application of the formalism to spherical equilibria of gravitating matter.
[Convention: We work in natural units c = = 1. The metric signature is mostly plus.]
II. EINSTEIN'S EQUATIONS IN MATTER
We consider a macroscopic system that has degrees of freedom which couple to the metric g µν and to an Abelian gauge field A µ . Our procedure for deriving the effective Einstein-Maxwell equations will be as follows. (I) We first consider the matter in thermal equilibrium, subject to external, time-independent g µν and A µ . The system is then characterized by the grand canonical 
A. The generating functional
Consider matter in thermal equilibrium, described by the generating functional W [g, A]. The generating functional encodes equilibrium (zero-frequency) correlation functions of the energymomentum tensor and the conserved U (1) current which couple to the external metric g µν and the external gauge field A µ . In the context of relativistic hydrodynamics such equilibrium generating functionals were first discussed in [4, 5] ; the present discussion makes use of the setup in [5] [6] [7] [8] .
Thermal equilibrium is characterized by a timelike Killing vector V µ , which in suitable coordinates (local rest frame of the fluid) takes the form V µ = (1, 0). The matter velocity u µ , temperature
T , and the chemical potential µ are defined via
where the constant β 0 sets the normalization of temperature, and Λ V is a gauge function introduced to ensure the gauge invariance of the chemical potential. The fact that the system is in equilibrium is captured by the conditions
where L V denotes the Lie derivative with respect to the timelike vector V µ .
The generating functional is extensive in the thermodynamic limit, and can therefore be expressed as an integral of a local density,
where
is a local function of the external sources g µν , A µ . The variation of the generating functional with respect to the sources defines the energy-momentum tensor and the conserved current of the fluid,
Provided that the system of interest does not have any anomalies, the generating functional is both diffeomorphism and gauge invariant. As a consequence of this we have the conservation laws
with
When the sources g µν , A µ vary on length scales much longer than the correlation length of the system, the density F[g, A] admits an expansion in terms of the derivatives of the external sources.
Thus, finding the generating functional up to a given order in derivatives boils down to finding the diffeomorphism-and gauge-invariant objects made out of the sources g µν , A µ , as well as the hydrodynamic variables of eq. (5).
Being in thermal equilibrium implies certain constraints on the hydrodynamic variables, such as
i.e. the temperature and the chemical potential are time independent. The expansion ∇·u and the shear tensor σ µν = ∆ µα ∆ νβ (∇ α u β + ∇ β u α − 2 3 ∆ αβ ∇·u) both vanish in equilibrium, ensuring that there is no entropy production due to the bulk or shear viscosities in equilibrium. The spatial projector is ∆ µν ≡ g µν + u µ u ν .
For the derivative expansion of the generating functional, we follow the notation of [8] . In four spacetime dimensions, and up to second order in derivatives of the sources, the equilibrium generating functional takes the form where the dots denote terms that are cubic or higher order in derivatives. The pressure
is a function of temperature and chemical potential, given by the equation of state. There are no first-order invariants. The s (2) n denote the nine independent second-order invariants appearing in the generating functional [4] , and the f n = f n (T, µ) denote the corresponding thermodynamic susceptibilities. Table I summarizes the nine invariants, along with their transformation properties under parity P, charge conjugation C, and time reversal T . The notation in the table is as follows: the acceleration is a µ ≡ u ν ∇ ν u µ , the electric field is E µ = F µν u ν , the magnetic field is B µ ≡ 1 2 µναβ u ν F αβ , and the vorticity vector is Ω µ ≡ µναβ u ν ∇ α u β . The pressure and the susceptibilities have to be determined from the underlying microscopic theory. See [8] [9] [10] [11] [12] [13] [14] where some of these susceptibilities have been computed for free quantum fields.
B. The energy-momentum tensor
We can now compute the energy-momentum tensor following from the variation of the generating functional eq. (11) . Isolating the Einstein tensor, we have
which defines the "matter" contribution T µν m , and 1/κ 2 eff ≡ 2f 1 (T, µ). We can decompose T µν m with respect to the fluid velocity u µ as
where the "matter" energy density is E m ≡ u µ T µν m u ν , the pressure is P m ≡ 
For matter that is not coupled to external electric or magnetic fields, the only relevant twoderivative invariants are f 1,2,3 . The matter energy-momentum tensor eq. (13) coming from the variation of the generating functional eq. (11) then has the form
and = −p + T ∂p/∂T + µ ∂p/∂µ is the zeroth-order energy density.
C. The effective Einstein's equations
We now promote the equilibrium generating functional to be the equilibrium effective action According to the definition of the "matter" contribution in eq. (12), the equations of motion are
where T µν m contains the perfect fluid, as well as the curvature-dependent contributions. The coefficient κ 2 eff = 1/(2f 1 ) should be interpreted as (8π times) the effective Newton's constant which now depends on temperature and chemical potential due to the presence of matter. For a fluid not subject to external electric and magnetic fields, T µν m is given by eqs. (13), (14) . Equations (16) are the effective Einstein's equations in equilibrium matter, analogous to the Maxwell's equations in matter for electro-and magneto-statics. The susceptibilities f 1,2,3 (T, µ) characterize the leading-order (in derivatives) equilibrium response of the energy-momentum tensor to curvature. We emphasize that the effective Einstein's equations (16) do not arise from any modification of Einstein's gravity, but are simply a reflection of the gravitational properties of normal matter.
We do not write down the three-derivative and higher-order terms in T µν m which would come with their own susceptibilities, as in the standard effective field theory. The non-equilibrium terms in the constitutive relations of T µν m do not follow from the equilibrium generating functional, and have to be added separately, as is done in standard relativistic hydrodynamics.
In practice, one expects the effect of the susceptibilities on the gravitational dynamics to be very small. Indeed, p = −2Λ + p m (T, µ), f 1 = show up as thermodynamic transport coefficients, see e.g. [8] .
As an illustration of the idea, we discuss the application of the above theory to non-rotating spherically symmetric equilibrium states of gravitating matter.
III. SPHERICAL EQUILIBRIA
We are interested in equilibrium states of gravitating matter. The simplest way to find such equilibria in classical general relativity is by solving the Einstein's equations
given a certain equation of state that determines the energy-momentum tensor T µν on the righthand side. The problem has been explored extensively, starting with the treatment by Tolman many years ago [15] . Spherical equilibrium for a perfect fluid with the equation of state given by free fermions at zero temperature was studied by Oppenheimer and Volkoff [16] , and is by now textbook material [17] . Let us briefly review the setup.
The most general rotationally invariant static metric can be written as
where dΩ 2 = dθ 2 + sin 2 θ dϕ 2 is the line element on the unit two-sphere. The metric is assumed to be sourced by the perfect fluid energy-momentum tensor. In the above static coordinates,
, where the energy density and the pressure p are functions of r. The metric eq. (18) can be written in terms of the "potential" Φ(r) and the "mass function" m(r) as
The tt and rr components of the Einstein's equations give, respectively
Due to the spherical symmetry of the problem, the θθ and ϕϕ components of the Einstein's equations carry the same information. The θθ equation contains d 2 Φ/dr 2 , which can be eliminated by combining it with the r derivative of eq.(21). This gives the equation dp dr = − Gm r 2
We thus have three equations (20), (21) and (22) If we can express = (p) from the equation of state, then eqs. (20) and (22) give two coupled equations for the two unknown functions m(r) and p(r). These can be solved for m(r), p(r) with appropriate boundary conditions, and the resulting solutions inserted into eq. (21) to determine the potential Φ(r).
However, the equation of state can not usually be written in the form = (p). Namely, in the grand canonical ensemble we have = (T, µ), p = p(T, µ), where T is the temperature and µ is the chemical potential (assuming one species of particles). In other words, p is a function of two independent variables, while is just one combination of the two variables. So we have three equations, and four unknown functions T, µ, m, Φ. To address this issue, note that eqs. (21) and (22) imply dp/dr = −( + p) dΦ/dr. Extensivity in the grand canonical ensemble implies
As ∂p/∂T and ∂p/∂µ are independent functions, this is solved by
whereT andμ are constants of integration. This is a particular manifestation of the general statement that in equilibrium both T and µ must be proportional to 1/ √ g 00 [18] . Thus both T and µ are expressed in terms of Φ, and we in fact have only two unknown functions m(r) and Φ(r), for which we have the two equations (20) and (21). Alternatively, eq. (23) implies that τ ≡ T /µ is a constant that does not depend on r. Then, for a given equation of state p(T, µ) = p(τ µ, µ), we
At the origin r = 0 we set m(0) = 0, and µ(0) = µ 0 to some constant which determines the pressure at the center. The equations (24) are then integrated numerically starting from the origin. If there is a point r = R where the pressure drops to zero, we have a star. The metric eq. (19) then describes the star for r < R, and has to be matched to the Schwarzschild metric at R, so that m(R) = M is the total mass of the star. If the pressure never drops to zero, this means the equation of state does not allow for stars, and we have a spherical distribution of matter that fills the whole space.
Another way to look at the TOV equations is to note that for the general spherically symmetric metric eq. (18), the Einstein tensor is schematically of the form G ν µ = diag(X, Y, Z, Z), which has to be matched to T ν µ = diag(− , p, p, p). The TOV equations arise by enforcing Y = Z. On the other hand, for matter subject to a radial gravitational field one in general expects T r r = T θ θ . This is because the r-dependent metric makes the radial and the angular directions inequivalent, and there is no symmetry that would enforce T r r = T θ θ , or Y = Z. This difference between T r r and T θ θ which is not captured by the perfect fluid model of matter is precisely what is described by the effective Einstein's equations (16) in a systematic way.
Let us now incorporate the effects of the gravitational susceptibilities. Substituting the metric eq. (19) into the effective Einstein's equations (16), with the matter energy-momentum tensor given by eqs. (13), (14), the equations for the potential and the mass function are
Here f 
IV. FREE FERMIONS
For a given microscopic theory, the susceptibilities f 1,2,3 (T, µ) that appear in the effective Einstein's equations may be computed from equilibrium two-point functions of the energy-momentum tensor, as derived for example in [8] . In a non-interacting theory, the energy-momentum tensor is quadratic in the fundamental fields, and the susceptibilities are given by one-loop diagrams that can be readily evaluated in the Matsubara formalism [8] [9] [10] [11] [12] [13] [14] .
The loop integrals will contain ultraviolet divergences, reflecting the need to renormalize the susceptibilities. Regulating the ultraviolet divergences with a large-momentum cutoff, we have f n = f n,UV +f n,m (T, µ), where the matter contributions f n,m (T, µ) do not depend on the cutoff and vanish as T, µ → 0. The cutoff-dependent contributions f n,UV renormalize the parameters of the effective action. Clearly, as f 1 multiplies the Ricci scalar in the effective action, f 1,UV renormalizes the vacuum Newton's constant, so that f 1 = 1/2κ 2 + f 1,m (T, µ). The effective Newton's constant that appears in the effective Einstein's equations (16) is then determined by
The ultraviolet divergences in f 2 , f 3 , on the other hand, have no physical meaning in a Lorentzinvariant microscopic theory. 2 As the presence of the terms a 2 , Ω 2 in the effective action is thermal state-specific, so must be the susceptibilities f 2 , f 3 . Thus in the gravitational effective action we At the leading order in the non-relativistic semiclassical limit
1, the susceptibilities are proportional to the particle number density n = (m f T /2π) 3/2 e (µ−m f )/T . Restoring the factors of , we have
At non-zero T and µ, the susceptibilities f n,m are plotted in Fig. 2 .
V. CONCLUDING COMMENTS
Starting with the equilibrium generating functional, we have set up a framework to describe the classical gravitational fields with matter present. Equations (16) with the energy-momentum tensor (13), (14) are the gravitational analogues of the electro-and magneto-statics in matter. The temperature-and density-dependent correction to the Newton's constant is given by eq. (26), with f 1,m plotted in Fig. 2 , leftmost panel.
For normal quantum matter the effects of the gravitational susceptibilities will be small. Con- Note added -After this paper was completed, we became aware of the preprint [19] that uses a simplified version of the Einstein's equations in matter in a cosmological setting.
